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Several recent papers, among them [BSSV, Tl, T2], have considered the 
problem of identifying rings with the property of “pole assignability.” (The 
definition appears below.) In particular, Bumby, Sontag, Sussmann, and 
Vasconcelos [BSSV] showed that, while a polynomial ring in one indeter- 
minate over a field has this property, the polynomial ring in two indeter- 
minates over the reals, R[x, y], and the polynomial ring in one indeter- 
minate over the integers, Z[x], do not have this property. Then Tannen- 
baum [Tl, T23 showed that the polynomial ring in two indeterminates 
over any field does not have this property. The purpose of this note is to 
unify the proofs of these two facts in results that we hope will be helpful in 
identifying the pole assignability property (or its absence) in other rings. 
Let R be a ring (always commutative with unity). A pair (F, G) of 
matrices with entries from R, where F is square, say, n x n, and G is n x m 
for the same n, is a “system” over R of “dimension” n. We call a system 
(F, G) “reachable” if the columns of the matrix [G FG F*G . . . F- ‘G] span 
the free module R". And a system (F, G) is “pole-assignable” if, for any list 
rl ,...1 rn of elements of R, there exists an m x n matrix K over R for which 
the characteristic polynomial det(tZ- A) of the matrix A = F + GK (in the 
indeterminate t) is (t-rl). ... . (t - r,). A pole-assignable system is always 
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reachable [ BSSV, Lemma 2.1). A ring for which the converse holds, i.e., 
over which every reachable system is pole-assignable, is said to have the 
“‘pole-assignability property.” Rings with this property include the elemen- 
tary divisor domains [BSSV, p. 1191 and hence all principal ideal domains. 
(We have changed the references to “ring” in [BSSV] to “domain,” 
because the Bezout property does not imply that finitely generated projec- 
tive modules are free in rings with zero-divisors; the projective-free con- 
dition is important to their development, as it will be to ours--cf. 
Proposition 1.) 
Before proceeding to our results, let us pause to note that, for our pur- 
poses, it is somewhat misleading to emphasize the matrix G. All conditions 
on G in the definitions above are simply conditions on its image, i.e., the 
submodule M of R” generated by its columns: Saying that (F, G) is 
reachable is equivalent to saying that the images of M under the 
endomorphisms of R” given by multiplications by powers of F generate all 
of R”. (The powers of F beyond F- * yield nothing new because F satisfies 
its characteristic polynomial.) And GK is merely an ordered list of n 
elements of M. So we could state our results in terms of pairs (F, M) where 
F is an n x n matrix over R and M is a finitely generated submodule of R”. 
We will retain the traditional notation, however. 
Note also that reachability is a property that can be tested “locally.” 
That is, given an n-dimensional system (F, G) over R, denote by N the sub- 
module of R” generated by the columns of [G FG . . p- ‘Cl. Then N = R” 
if and only if N, = (R”), for every maximal ideal P of R, and by 
Nakayama’s lemma, this latter condition is equivalent to the condition that 
N,,/PNp= (Rn)p/P(Rn)p for every P. So to see that (F, G) is reachable, it 
s&ices to show that it is so after tensoring with R/P for every maximal 
ideal P of R. 
We need the following result from [BNN], which modifies [BSSV, 
Proposition 3.31. (See also [T2, Lemma 1.1 J.) Recall that an element of R” 
is “unimodular” if the ideal of R generated by its entries is R itself. 
PROPOSITION 1. Let R be a ring over which all rank one finitely 
generated projective moduies are free. If R has the pole assignability 
property, then for every reachable system (F, G) over R, the image of G con- 
tains a unimodular element. 
Proof: Let (F, G) be reachable. By pole assignability we can find K so 
that det(tl- (F+ GK))= (t - 1)“. Then det(F+ GK) = 1, so F+ GK is 
invertible. The submodule of R” generated by the image of G and its images 
under the powers of F is not changed if F is replaced by F + GK; so 
(F+ GK, G) is again reachable. Hence we may assume F is invertible. 
Similarly, (F+ I, G) is also reachable, where I is the n x n identity matrix. 
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By pole assignability there is a (new) matrix K for which A = F + Z+ GK 
has characteristic polynomial t” ~ ‘(t - 1). Since a matrix satisfies its charac- 
teristic polynomial, A”- ’ is idempotent; i.e., it is projection onto its image 
L. The sequence 0 + Ker A”-’ -+ R” -+A”m1 L -+O is split exact (the 
inclusion of L into R” is a right inverse for A”-‘), so it remains exact if we 
tensor with the residue field k(P) of the quasilocal ring R, for any prime 
ideal P of R. Even after tensoring with k(P), A still has the same charac- 
teristic polynomial, so the rank of A ‘-’ is 1. (To see this, form the Jordan 
canonical form QAQ-’ of A over the algebraic closure of k(P) and 
examine (QAQ-‘)n-‘.) Thus L has rank 1 over R, and by hypothesis this 
means L is free, generated by o, say. Since o generates L even after reduc- 
tion modulo any maximal ideal, v is unimodular. And since v = A”- ‘II, we 
have 0 = (A - Z)v = (F + GK)v, so that GKv = -Fv, which is also 
unimodular because F is invertible. 1 
It is the conclusion of this proposition that we will use to demonstrate 
the absence of pole assignability. So we will limit ourselves to rings with 
the property that rank one projective modules are free. This is the case, for 
instance, in a polynomial ring (in possibly infinitely many indeterminates) 
over a GCD domain. (A domain is “GCD” if any two elements a, b have a 
greatest common divisor d, with d not necessarily in the ideal generated by 
a, b. Bezout domains and UFD’s are GCD domains.) For, a rank one pro- 
jective module over a domain is isomorphic to an invertible fractional ideal 
[B, p. 147, Exercise 63. And by [K, p. 42, Exercises 9 and 151, an inver- 
tible fractional ideal over the kind of ring described above is principal. 
We now prove our main result: 
THEOREM 2. Let S be a ring over which all rank one projective modules 
are free. Suppose there is a surjective ring homomorphism cp: S -+ R with 
finitely generated kernel, where R is a ring having a finiteZy generated module 
P which has no free summand but a direct sum offinitely many copies of P is 
R-free. Then S does not have the pole assignability property. 
Proof Suppose P”z R”. Let f be an isomorphism on R” which 
“cyclically permutes” the m copies of P in R”; i.e., the restriction off to the 
first copy of P is an isomorphism onto the second; the restriction to the 
second an isomorphism onto the third;...; and the restriction to the mth 
copy an isomorphism onto the first. Let h: R” + R” be projection onto the 
first copy of P. Let F be any matrix over S such that, if q(F) is the matrix 
over R which results from applying cp to the entries of F, then mutipiication 
by q(F) induces f on R”; and let H similarly induce h. Set 
G= [Ha,Z+.. a,Z] where Z is the n x n identity matrix and a,,..., ap 
generate ker 40. Then we claim (F, G) is reachable, but the image of G con- 
tains no unimodular element. 
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To see it is reachable, we tensor with S/Q for any maximal ideal Q of S. 
If ker q 6 Q, then one of the submatrices ail of G already generates 
(S/Q)‘; so suppose ker cp E Q. Then we are working over a factor ring of R, 
SO it would suffice to show (q(F), q(G)) is reachable over R. But the 
columns of q(G) = [q(H) 0. .. 0] generate the first copy of P in R”, and 
multiplying by powers of cp(F) means applying f repeatedly, so the other 
copies of P are also generated. Thus all of R” is generated by the columns 
of CdG) v(F) VP(G) ‘. . cp(F)” ~ ‘cp(GH. 
Finally, suppose, by way of contradiction, that the image of G contains a 
unimodular element. Then the same is true of the image of q(G), i.e., the 
first copy of P in R”. Suppose that element is the transpose of (b, ,.., b,) and 
C,b, + ... + c,b, = 1, where ci, bie R. Then the mapping R” + R: 
(rl ,..., r,)‘t+c,r, + ... + c,r, is surjective even after restriction to P, and it 
is split by R + P: rt+ (rb,,..., rb,)‘. But by hypothesis P has no free sum- 
mand. 1 
The facts that k[x, y] and Z[X] do not have the pole assignability 
property are consequences of the following application of Theorem 2. 
PROPOSITION 3. Let D be a GCD domain and X a set of: indeterminates. 
Suppose there is a finitely generated prime ideal Q of D[X] such that 
D[X]/Q has an ideal Z satisfying: 
(i) I is generated by two elements, 
(ii) I is not principal, and 
(iii) the square of I (as an ideal) is principal. 
Then D[X] does not have the pole assignpbility property. 
ProoJ: We show that S= D[X], R = D[X]/Q, P= I satisfy the con- 
ditions of Theorem 2. We noted above that rank one projective modules 
over D[X] are free. Since I is not principal, it has no free summand, so we 
will be finished if we can show that Z@Z is free. For this, we set 
R = D[X]/Q, let a, b generate Z and g generate the square of Z, and define 
cp: R* -+I by q$r, s) =ar+ bs. The surjective map 5~ is split as follows: 
Write g = ac + bd where c, d E Z. Then for any element f of Z, we have 
fc = gr and fd = gs for some r, s in R; the mapping f~ (r, s) is a right 
inverse for cp. Finally, we show that Ic/: ker cp + Z: (r, s)++rc - sd is an 
isomorphism, which will complete the proof. The element rc - sd is clearly 
in Z, and using the fact that ar = -bs, we can also see it has the form rg/b 
(or -sg/a), so $ is l-l. If we write a2 = gu, ab = gu, and b2 = gw, then 
$(u, -u) = a and $(w, -v) = b; so $ is onto. 1 
The essence of this proof could be distilled into the sentence: “If Z is a 2- 
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generated invertible ideal of a domain R, then I@ I-’ r R2; and if I has 
principal square, then Zz I- I.” 
To facilitate the use of the proposition, let us note the following: Suppose 
Q is a prime ideal in the polynomial ring D[X] such that Q n D = 0. If X 
has only one element and D is a GCD domain, then it is easy to see that Q 
is principal. If X is finite and D is a Bezout domain, then by [RG, 
Corollary (3.4.7), p. 261 Q is finitely generated (since D[X]/Q is D-torsion- 
free and hence flat over the Priifer domain D). 
We now derive the results mentioned in the introduction, though there is 
work to be done to verify the hypotheses of Proposition 3 in both cases: 
COROLLARY 4 [BSSV, Example 3.10). Z[x] does not have the pole 
assignability property. 
Proof Let D = Z, Q = (x2 + 5) and Z be generated by the images of 3 
and x-2. 1 
COROLLARY 5 [T2, Example 1.21. For any ,field k, k[x, y] does not 
have the pole assignability property. 
Proof. Let D=k[y], Q = ( y*-x3 +x), and Z be generated by the 
images of x and y. 1 
We conclude by noting that, even if we restrict to a single indeterminate 
and to principal ideal domains as coefficient rings, the hypotheses of 
Proposition 3 may not hold. Indeed, let V be a Noetherian valuation 
domain and q be a prime polynomial in V[x]. Then we claim that every 
invertible ideal of V[x]/(q) is principal. To see this, suppose first that 
(q) n V is nonzero. Then it is the maximal ideal P of I’; so (q) = PV[x] 
and (V[x])/(q)r( V/P)[x], a principal ideal domain. If (q)n V=O, then 
V[x]/(q) = V[b] where b is an element of an algebraic extension of the 
quotient field L of V. The integral closure of V[b] is an intersection of 
Noetherian valuation rings [N, (33.10)(l)], each of which meets L in I’. 
Since there are only finitely many such valuation rings [G, (20.3)], V[b] 
has at most finitely many maximal ideals [K, Theorem 1071, so all its 
invertible ideals are principal [K, Theorem 601. 
Thus we leave open the following question: If V is a Noetherian 
valuation domain, does V[x] have the pole assignability property? 
REFERENCES 
CBI N. BOURBAKI, “Commutative Algebra,” Hermann, Paris/Addison-Wesley, Reading, 
Mass., 1972. 
466 BREWER, HEINZER, AND LANTZ 
[BNN] J. W. BREWER, C. NALJDB, AND G. NAIJDB, On Bezout domains, elementary divisor 
rings, and pole assignability, submitted for publication. 
[BSSV] R. BUMBY, E. D. SONTAG, H. J. SUSSMANN, AND W. VASCONCELOS, Remarks on the 
pole-shifting problem over rings, J. Pure Appl. Algebra 20 (1981), 113-127. 
ICI R. GILMER, “Multiplicative Ideal Theory,” Dekker, New York, 1972. 
CKI I. KAPLANSKY, “Commutative Rings,” Univ. of Chicago Press, Chicago, 1974. 
CNI M. NAGATA, “Local Rings,” Interscience, New York, 1962. 
[RG] M. RAYNAUD AND L. GRUSON, Criteres de platitude et de projectivite, lnoent. Math. 
13 (1971), l-89. 
P-11 A. TANNENBAUM, On pole assignability over polynomial rings, Systems Control. 
Left. 2 (1982), 13-16. 
CT.21 A. TANNENBAUM, Polynomial rings over arbitrary tields in two or more variables are 
not pole assignable, Systems Control. Lett. 2 (1982), 222-224. 
